NEWFORMS IN CUSPIDAL REPRESENTATIONS

JOHANNES GIRSCH AND ROBERT KURINCZUK

ABSTRACT. We consider newform vectors in cuspidal representations of p-adic general linear
groups. We extend the theory from the complex setting to include ¢-modular representations
with ¢ # p, and prove that the conductor is compatible with congruences modulo ¢ for
(ramified) supercuspidal ¢-modular representations and for depth zero cuspidals. In the
complex and modular setting, we prove explicit formulae for depth zero and unramified
minimax cuspidal representations, in Bushnell-Kutzko and Whittaker models.
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1. INTRODUCTION

Newforms. Casselman [Cas73] adelized the classical theory of newforms, translating them
into the language of automorphic representations for GL(2). Jacquet—Piatetski-Shapiro—
Shalika [JPSS81, Jacl2] and Matringe [Mat13] generalized this picture to GL(n), showing
the existence and uniqueness of newforms for generic C-representations of G,, = GL,(F),
where F is a non-archimedean local field of residue characteristic p. (For archimedean new-
form theory see [Hum24].) Jacquet—Piatetski-Shapiro—Shalika and Matringe consider a de-
creasing family of compact open subgroups (K, (m))men of G,, whose intersection consists
of matrices in GL,(or) with final row (0 <o 0 1), where op denotes the ring of integers
of F. Amagzingly, it turns out that for 7 a ramified generic C-representation of G, there
exists a (unique) positive integer ¢(m) such that

ﬂ_Kn(m) ~ C ifm= C(T(');
0 ifm<e(m).

A non-zero vector of 7¥(€(™) ig called a newform. Locally, newforms and their realizations
in Whittaker models have proven useful as test vectors; see, for example, [JPSS81], [AMI17],
[Jo23], [Hum21].
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Cuspidal representations. Let R now denote an algebraically closed field of characteristic ¢ ##
p. Harish-Chandra’s approach to classifying the irreducible R-representations begins by con-
sidering the cuspidal R-representations (resp. supercuspidal R-representations) that is the
representations which do not appear as a quotient (resp. subquotient) of an R-representation
parabolically induced from an irreducible R-representation of a parabolic subgroup. Supris-
ingly, by work of Bushnell-Kutzko | ] extended to the modular setting by Vignéras
[ ], it turns out that all cuspidal R-representations of G,, are compactly induced: for
every cuspidal R-representation 7 of G,, there exists an (explicitly constructed) pair (J, ),
consisting of a compact-mod-centre subgroup J of G, and an irreducible representation A
of J, in Bushnell-Kutzko’s list such that 7 = ind§" (X).

Paskunas—Stevens | ] use Bushnell and Kutzko’s models to construct explicit Whittaker
functions with small support in the Whittaker model of a cuspidal representation of G,,. These
functions have also proved useful as test vectors; see for example | ], [ .

. These two pictures lead to the following natural questions which we discuss in the paper:

(1) Describe the (unique up to scalar) newform in the Bushnell-Kutzko model of a cus-
pidal C-representation of G,,.

(2) Compare the local test vectors arising from the globally motivated newform theory
and the locally motivated Bushnell-Kutzko theory.

(3) Does the theory of newforms extend to R-representations?

Our results. We approach these questions explicitly in the special cases of depth zero and
minimax cuspidal representations. Note that this infinite family is reasonably broad, for
example every cuspidal representation 7 of Gy for k prime which is twist minimal (i.e., it
is of minimal depth among the family of representations obtained from 7 by twisting by a
character) is either minimax or depth zero.

For question (3), the existence of newforms in a cuspidal R-representation 7 follows by
reduction modulo ¢ (note that for a cuspidal R-representation over an algebraically closed
field of characteristic £, there exists an unramified twist of it defined over F;). By a lifting
argument we first show:

Proposition 3.4. Let  be an integral supercuspidal Qq-representation of Gy, forn > 2, which
has supercuspidal reduction modulo ¢, then we have an equality of conductors c¢(m) = ¢(r¢(m)).

We later extend this to include all integral depth zero supercuspidal Q-representations.
For uniqueness of newforms in positive characteristic, we prove this explicitly using a Mackey
theory and lifting argument for depth zero cuspidal Fy-representations and unramified mini-
max cuspidal Fj-representations.

Question (1) was first considered for cuspidal C-representations of G,, of depth zero by
Reeder | |, where he shows in the model of a depth zero cuspidal compactly induced
from F*K,, where K,, = GL,(or) that a newform vector has support in F*K, %, K, (c¢(7))
where

¥, = diag (wp L wp 2, ., 1)
We give a new proof of Reeder’s result which works more generally for depth zero cuspidal R-
representations (also establishing existence and uniqueness of newforms directly for depth zero
cuspidals R-representations without using Jacquet—Piatetski-Shapiro—Shalika’s or Matringe’s
work), and use this to show the newform is an average of the Bessel vector considered by
Paskunas and Stevens. Using this expression we obtain formulae for the matrix coefficients
and Whittaker functions associated to newforms in depth zero cuspidal R-representations, in
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particular showing they are an average of the corresponding Paskunas—Stevens vectors giving
an answer to (2) in this case.

For a cuspidal representation 7 of GLy (kp) we write B_ for its associated Bessel function
(see Section 2.2). Our main depth zero theorem is:

Theorem (Theorem 4.1, Propositions 5.2 and 5.5). Let n > 2, and w be a depth zero cuspi-
dal R-representation containing the cuspidal R-type (K, ).

(1) (a) (existence, uniqueness, and support of newforms) the conductor is given by c¢(m) =
n?

Homg g (c(m (1, ™) = R,
and the unique up to scalar (non-zero newform) foew € T has support
Supp(fnew) g ZnKEnK(n)

(b) (explicit formula in terms of Bessel functions) The function fuew € w57 is
characterized by its support and

fnew(zn) - Z b- Bﬂa.
beB. P | (kr)

Moreover, there exists a unique R-Haar measure on K, (n) such that, for all g €

G,
Fuow(9) = / B (kS ),

where Bz is the Bessel vector in ind%:Kn (T) (see Section /).

(2) (Depth zero matriz coefficients of newforms) Let yi,...,y, be a set of coset repre-
sentatives of KZ\KZYXK(n). The matriz coefficient cy,, rv. —is non-zero, bi-K(n)-

invariant, has support supp(cy,... rv.. ) C ZK(n)K*K(n) and for g € K* we have

new

|G (Fg)| e
cfnew’f;{ew(g) = Z q Z BTE(bengZ 12 lbl))
= |U(F,)|dim(r) ’
(1,5)€ly by'eBY | (Fq)
where I, = {(i,j) € Z* |1 <i,j <r and g € yj_IZ(KE)yi}.

(8) (Depth zero Whittaker newforms) Suppose 1 : F — C* has conductor op, denote
by v its extension to a mon-degenerate character of the upper triangular unipotent
subgroup U, of G, via precomposing with u — Z?z_ll Ui iv1, and let Wi newp denote
the Whittaker newform of m (normalized at the identity). Then

supp(Wr new,is) € ZnUnKZ”K(n),

and for g € G,
W new, (9 ——/ W —1 Engkﬁgl dk
’l[}( ) (n) 7r,Gel,1/12n ( )

for an appropriately normalized R-Haar measure dk on K(n), where W

1 de-
=
notes Gelfand’s explicit Whittaker function for m (cf. | 1).

7,Gel

A minimazx cuspidal R-representation w of G, has a Bushnell-Kutzko model as an induced
representation from a compact-mod-centre subgroup J = EXULm+1)/2] (A) where E/F is a
degree n field extension embedded in M, (F), and UL(m+1D/2(A) is a filtration subgroup of a
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parahoric subgroup of G,, associated to the point A in the building of G (for some specific m
given by the input data for 7, see Section 6.2).

One invariant attached to m is its depth, in terms of the above inducing data this is given
by m/e(E/F). The special case of minimal depth m = 1, e(E/F) = n the representations are
called simple supercuspidals and questions 1 and 2 are answered in | ].

Our main minimax theorem on explicit vectors is Theorem 6.5, this gives an analogue of the
first part of our main depth zero theorem for unramified minimax cuspidal representations. In
a future version, we will obtain from this an analogous expression for the associated Whittaker
newform in this case.

In further future work, we consider the non-cuspidal case of newforms in generic /~-modular
representations.

Acknowledgements. Both authors were supported by EPSRC grant EP/V001930/1, and the
second author was supported by the Heilbronn Institute for Mathematical Research. We
thank Nadir Matringe and Shaun Stevens for useful conversations.

2. NOTATION

2.1. Smooth representations. Let F be a non-archimedean local field, with ring of inte-
gers op. Let pp = (wp) denote the unique maximal ideal of op, and kp = op/pr the residue
field — a finite field of size ¢ a power of p.

Let G, = GL,(F), K,, = GLy,(op), Z, ~ F* denotes the centre of G,,. We drop the
subscript , when it is clear, write G = GL,(F), K = K,, etc.

Let R be an algebraically closed field of characteristic £ # p. Let H be a locally profinite
group. By an R-representation of H we mean a smooth representation of H on an R-vector
space.

For a closed subgroup J of H, a smooth R-representation (7,V) of J, and h € H, we write

- 7P for the smooth representation (7",V) of J* := h=1Jh, where 7" : h=1jh s 7(4).
- M for the smooth representation ("r, V) of 2J := hJh™!, where 7" : hjh™! = 7(j).

For any commutative ring S and positive integers i,j let M;y;(S) be the ring of i x j
matrices with entries in S. We will write 1; for the identity matrix in M;;(S).

2.2. Bessel functions. Let 7 be a cuspidal R-representation of GL,(kr). Let B(kr) be
the standard Borel subgroup of GL;(kr) of upper triangular matrices, with unipotent rad-

ical U(kr). Fix a non-trivial character ¢ : kp — R, which we extend to a non-degenerate
character ¢ : U(kp) — R defined by ¢(u) = ¢¥(u12+ -+ tp—1n)-
Then 7 is generic:

Hompg(ar, (k)] (75 indS(Lk"F(f P () ~R,

and we write W(7,1)) for its Whittaker model (that is the image of any non-zero morphism
in indg 0 (4)))
U(kr) ' _ — =
The Bessel function B 7 € W (r,4) is the unique t-bi-invariant function in W ()
with BT@(I) = 1. We record the following useful properties of B_7 which follow from
[ ] and the compatibility of the Bessel function with reduction modulo ¢:
(B1) Let P, (kr) be the standard mirabolic subgroup of GL,(kp) of all matrices with last
row (0--01). Then for p € Py(kp), the function B, 7(p) is nonzero if and only if

pE U(k‘F)
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(B2) Let x- denote the trace character of 7. Then B_(a) = |U(F,)|~* > U®E,) E_I(U)XT (au),
for a € GLy,(kr).

(B3) For z € k; and a € GL,(kr), we have B j(az) = w-(2)B, ;(a).

(B4) Let 7V denote the contragredient of 7, for a € GL, (kr), we have BTE(a_l) =B, o (a).

3. NEWFORMS FOR CUSPIDAL REPRESENTATIONS
3.1. Conductors and newforms.

Definition 3.1. Let w be a generic R-representation of G, with n > 2.
(1) For m € N, let K,,(m) denote the conductor subgroup of G,,, defined by

Kn(m) = {('23) €eK,:ce Mlx(n—l)(pg)vd € (1 _'_p%n)} .

Set K, (0) = K;, = GLy(op).

(2) If there is a nonnegative integer such that 7Kn(m) £ 0, then we define the conductor
¢(mt) of T to be the minimal (non-negative) m such that w%n(m) £,

(8) We say that 7 is unramified if ¢(7) = 0 and ramified otherwise.

(4) LetV be the underlying R-vector space of m considered as an R|Gy]|-module via m. We
call an element of V(€M) o newform for .

The existence of newforms for generic C-representations (or equivalently Q-representations)
is established by Jacquet—Piatetski-Shapiro—Shalika, with a different proof given by Matringe:

Theorem 3.2 (] , , ]). Let w be a generic Qp-representation of G,,. The
conductor ¢(r) exists and, moreover, 75((™) s one-dimensional.

Let 7 be a cuspidal Qp-representation of G,, with n > 2, then by | ],
(%) c(m) = n(1 +d(m)),
where d() is the depth of 7.
3.2. Conductors modulo /. The existence of newforms for cuspidal Fy-representations fol-

lows immediately by reduction modulo ¢, and if 7 is an integral QQs-representation of G,, we
have c(r¢(m)) < ().

Remark 3.3. Let 7,7 be integral cuspidal Qg-representations of G, with n > 2. Sup-
pose 1¢(7) = ry(7'), then T and T have the same depth, and hence the same conductor by
Bushnell’s equation ().

Proposition 3.4. Let 7 be a supercuspidal Fo-representation of G, with n > 2, and 7 a
supercuspidal lift of m. Then c(m) = ¢(m).

This essentially follows from adapting the argument of Cui-Lanard-Lu | , Theorem
3.4] (who show one can lift distinction by a closed subgroup in this setting — we apply similar
ideas to lifting invariants by K, (m)). In fact, the approach of ibid. simplifies in our case
as K, (m) is a compact open subgroup of G, and we give the full details:

Proof. We have already seen in Remark 3.3 that ¢(7) is independent of the choice of lift 7,
and ¢(rg(m)) < ¢(r). Tt thus suffices to construct a lift 7 with a vector invariant by K, (c(r)).
We can choose a model from type theory for 7 :

T ind?]gX (A),
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with Bushnell-Kutzko—Vignéras supercuspidal type (JE*, A), where J is the maximal compact
open subgroup of JE* and E is a field extension of F embedded in M, (F). Asin | ],
summarised and extended to the modular setting in [ , ITI], the compact open subgroup J
is constructed together with a pro-p normal subgroup J' of J such that :
(1) Ajy = k® 7 where k is a “beta extension” of an irreducible “Heisenberg representa-
tion” n of J';
(2) 7 is trivial on J' and identifies with an irreducible supercuspidal representation
of GLg(kg) ~ J/J! where s = s(7) is an invariant of 7 called its relative degree.

Let m = ¢(n), i.e. 7%n(™) £ 0. Then by Mackey Theory we have :

. . Kn(m
. Kn(m
~ Homg ey (1 @D ind i) (A9)),

as K, (m) is compact hence (JE*)? N K, (m) = J9 N K,,(m). Hence, there exists g € G, such
that
. K, (m
0 7 Mo, ) (1 Iy oy (A7) = HOm i oy (1,67 @ 7).

By conjugating the type which does not change the isomorphism class of 7, we can assume
that the trivial double coset contributes a non-zero Hom-space. Now

where P; is the projective Z,[GLs(kg)]-envelope of 7. Moreover, as T is supercuspidal,
(1) Pr ® Fy is in fact T-isotypic;
(2) P is cuspidal, with P; ® Qy ~ @7 where the sum is over all supercuspidal Q-
representations 7 of GLg(kg) with 7¢(7) = 7.
We lift x to an integral beta extension Ky then the representation Kz, ® P, is a projective
envelope of kg, @ 7 in the category of Z[J]-modules — cf. | , Lemma 4.8]. Moreover,
if R=Q or R = F, we have

Homz 50k, ()] (1z,, k7, ® Pr) ® R = Homg 5k, (m)] (1R, (K ® Pr) @ R),

and Homgz ;¢ (17, k7, ® Pr) is L-torsion free (as rz; ® Pr is (-torsion free).

m)]

Thus, as HomZ[JmKH(m)](l, Kz, @ P.)®TF, # 0, we have

Ture(T)=T7
Hence there exists 7 such thatNHom@[mKn(m)](l, kg, ® 7) # 0, and reversing the Mackey

theory over Qy for 7 = indJGE"X (A), for any extension A of kg, ® 7 to JE* (in particular for a

lift 7 of 7), we find that c¢(7) = m > ¢(7), hence ¢(7) = ¢(7). O

Remark 3.5. We expect that the proposition holds for the more general case of cuspidal Fy-
representations of G, with n > 2, and will prove this in the special case of depth zero cus-
pidal Fp-representations. However, for a cuspidal non-supercuspidal Fo-representation there
exist irreducible non-supercuspidal integral Qg-representations which contain the cuspidal rep-
resentation as a subquotient on reduction modulo £, and the conductors of these can differ
as the following example shows: Let Gy = GLga(F) and for a character x of F* denote



NEWFORMS IN CUSPIDAL REPRESENTATIONS 7

by Sta(x) the generalized Steinberg Qq-representation which is the unique irreducible quo-
tient of xv/2 x xv~Y2. We have

1 if x is unramified,

e(St2()) = {2 if x is ramified.
Suppose x is integral unramified and ¢ | g+ 1. Then r¢(St2(x)) contains a depth zero cuspidal
non-supercuspidal subquotient m (see for example | 1) which has conductor 2 by Theorem
4.1. However, for such an unramified x, 1 = ¢(Sta(x)) # c(m) = 2.

Notice also the analogue of Proposition 3.4 for characters of Gy only holds for ramified
characters. This leads us to expect that subtleties occur whenever the supercuspidal support
of a generic representation contains an unramified character.

3.3. Newforms vectors in models. With applications to test vector problems in mind,
one can ask for an explicit description of the newform in an explicit model of a representation.

3.3.1. Whittaker models.

Theorem 3.6 (] L [ ). Let w be a generic C-representation of Gy, with n > 2,
and vy : F — C* of conductor 0. There exists a unique Whittaker function Whew » € W (m, 1),
which is right K, _1-invariant, and which satisfies, for t = diag(t1,...,tn—1) € Tp_1 the
equality :

Wor, (t)v(tr) 7 Tlocicn Lox (ti)  when > 1;

[Ticien 10; (t;) when r = 0;

where t, = diag(ty,...,t,) € T,, and 7, is an unramified standard module of G, associated
tom in | , Definition 1.3].

Wnew,w(diag(t, 1)) = {

This formula characterizes the local newform (normalized at 1) in the Whittaker model.
Note that, if 7 is cuspidal (and not an unramified character of Gy), then 7, is trivial.

For a generic Q-representation 7, the map Resp, : W — VV|Pn on W(m, 1) is injec-
tive, and we denote its image (which gives the Kirillov model for 7) by X(m,v). By the
Iwasawa decomposition P, = U,T,_1K,_1, the Matringe-Miyauchi formula gives the de-
scription of Resp, (Whew,r), i.e. describes its image in the Kirillov model X(m, ). Hence, by
right K,,(c(n))-invariance, it describes Wyew, » on P,K;, (¢(m)).

3.3.2. Matriz coefficients in the cuspidal case. Let (m,V) be a cuspidal R-representation
of G, with contragredient (7, VY), and let ¢(7),c(m") denote their conductors. Let v/, €
(VV)K((™) be non-zero, aka a newform in 7. We have the standard intertwiner
7 — indS (wr)
Vi Copy, PG (7(g)v, V) )-
Lemma 3.7. Let m be a cuspidal R-representation such that c(r) = c(r"), and aK(e(m) ~
(V)KE™) ~ R (known for example, if R = Q; by Theorem 3.2).
(1) If v € VE(E™) s non-zero then the coefficient Cov.,, 1S mon-zero.
(2) Set Crnew = Copen wv...- For k, k' € K(c(m)), and g € G, we have

new

Cr new (kgk/) = Cr,new (g) )

and Cr new 15 the unique matriz coefficient of ™ satisfying this up to scalar.
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Proof. Note that w;, ]K »nz= 1, and the map

T @r " — indG (wr),
is an injective (G x G)-module morphism for the action (g, ¢')- f(z) = f(¢'~'xg) on ind (wy).
By left exactness of K(¢(7)) x K(¢())-invariants, this induces an injective morphism
R = WK(c(w)) ® (WV)K(C(W)) _ (7T ® WV)K(n)XK(n) SN (ind%(wﬂ))K(C(W))XK(C(W)).
This establishes the first statement and the second follow from this. O

3.4. e-factor conductor. Let ¢ : F — C* be a non-trivial character. Let 7 be an ir-
reducible C-representation of G,. Then we have a local Godement—Jacquet epsilon factor
associated to m : e(s, 7, 1) which is a monomial in ¢~%, and we can write

£(s,m, ) = (0,7, ) oo

for a non-negative integer c. () called the Godement-Jacquet conductor.

Proposition 3.8 ([ ). Let w be an irreducible generic C-representation of Gy,. Then
c(m) = cep(m) — ne(r).

Replacing ¢7° with an indeterminate X and working with R-valued Haar measures, Minguez
extends the Godement—Jacquet construction to R-representations in [V 12] (and the Rankin—
Selberg construction is extended to R-representations in | ]). The epsilon factor in this
setting is a monomial in X. And with this change of variable, for 7 a generic R-representation
of Gy, for a non-trivial character ¢ : F — R*, we can define c. () € Z by

e(X,m, ) = aXw(™)

for some a € R*.

For cuspidal representations, the epsilon factor agrees with the gamma factor which is
compatible with congruences mod ¢ where we first fix a non-trivial character ¢ : F — ZX
(cf. [M12, 1), hence we obtain from Propositions 3.4 and 3.8:

Lemma 3.9. Let ¢ : F — Z¢" be a non-trivial character.
(1) Let 7 be an integral @-%spidal of Gn, then c_ o5, (m) = c€7w®[@(r5(%)). B
(2) Letm be a supercuspidal Fy-representation of Gn. Then c(m) = c_ y o, (T) —nc(Yp @F).

4. NEWFORM VECTORS IN DEPTH ZERO CUSPIDAL REPRESENTATIONS

Let m be a depth zero cuspidal R-representation of G,. Choose a Moy—Prasad—Morris—
Vignéras model | , 11T 3.3] for m as compactly induced

ind5™c (7),
where 7 = w;T and T is a cuspidal representation of GL,,(kr) which we identify with its
Whittaker model W (7, ) with respect to (U, (kr), 1) where U,, denotes the standard upper
triangular unipotent of GL,. We define the Bessel vector Bs € indg:Kn (T) by supp(Bz) C
7,K,, and

3?(2k) ( )k BT VL
for all z € Zy,, k € K,,. Notice that for all u € (K, N U,)K} we have Bz(—u) = 9(u)Bz(—),
[

and Bz is the unique up to scalar vector in ((K, N U,)KL,)-isotypic space (cf.
Corollary 4.5]).

)
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For n > 2, we write B'" | (kp) for the Borel subgroup of lower triangular matrices in GL,,_; (k)
which we consider as a subgroup of GL,,(kr) via the standard embedding g — (g (1)) of GLy,—1(kr)
in GL,(kr). We set B{P(kp) = GL;(kr), which we also consider as a subgroup of GLa(kp)
by the standard embedding.

Let

The aim of this section is to prove:

Theorem 4.1. Letn > 2, and m = indg’;Kn (T) be a depth zero cuspidal R-representation
with cuspidal R-type (K, 7).
(1) (newforms) Then c(r) = n, Homgk () (1,7) =~ R, and the unique up to scalar
(non-zero newform) frew € 750 () has support supp(fuew) € Zn K3, Ky (n).
(2) (Reeder’s oldforms) for m > c¢(mw) =n

. -1
dlmR(HomR[Kn(m)](l,ﬂ)) = <m > .

n—1

(3) (explicit formula in terms of Bessel functions) The function fnew € 7Kn () s charac-
terized by
fnew(2n> = Z b- BT,E'
beB | (kr)

Moreover, there exists a unique R-Haar measure on Ky, (n) such that, for all g € G,
funls) = [ Brlgks; .
Kn(n)

Remark 4.2. In the special case, R = C, parts (1) and (2) follows from Reeder in | ,
(2.3) Example] which uses: the existence and uniqueness of newforms [ , ) 1,
and the prior knowled c(m) = n | |. For GLo(F) this is made further explicit | ]
giving an explicit formula. In this section we will give a self-contained proof (just using the
basic tools of Mackey theory) of this theorem, which applies equally well to the broader case
including £-modular representations where R has positive characteristic £ # p.

4.1. Mackey theory. For a positive integer m, by Mackey theory we have :

. . Kn(m
0+# HomR[Kn(m)](l, md%an (wWgT)) = Homgx,, (m)] (1, @ 1nd(Zn(K3)ngn(m) (wiT9))
ZnKn\Gn/Kn(m)
. K, (m
~ Homppe, (L. @ indig () ).
ZnKn\Gn/Kn(m)
as K, (m) is compact hence (Z,K,)NK, (m) = K,,NK,(m). We are thus reduced to studying
the spaces
. Knp(m
Hompjk,, (m)) (1, indycy éK)n(m) (79)) = Hompg kg k., (m) (1, 77),
over a set of double coset representatives for Z, K, \G,/K,(m). Equivalently we study the
spaces
HomR[KnmgKn(m)} (1, ’7') >~ HOHIR[W] (1, ’7')

where K,, N 9K, (m) denotes the image of K, N 9K, (m) in K, /K..
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4.2. Coset representatives. For positive integers ¢ and j and a commutative ring S, let

Ni;(S) = {(1 1j> € My j)x(i+)(S) - X € iji(S)}-

be the unipotent radical of the lower triangular standard parabolic with block sizes ¢ and j.
We introduce the following notation:

- If v is an element of My j(or/p) we write © for a lift of v in M;y;(or). If v = 0 we choose
v =0.

- For any matrix X € M;y;(or) we write X e M j(kr) for its reduction modulo pg.

- For any subset S = {s;}icr € M;x(or) we will write S for {5;}ier.

Lemma 4.3. Forn > 2 and m > 1 the union of

A ={("12) v € My (or/pF), € (or/pF)*}
and the set

1p—j— m m
A2 — {( uﬁ ' We W3 :c) | w1 GMlx(n—j—l)(oF/pF)a wo € Pr/PE, }

" L w3 € Myy(j—1)(pr/PE), = € (or/pE)™

is a set of coset representatives for K, /K, (m).

Proof. Note that K,, = GLj,(or) acts on My, (0r/p%), i.e. row vectors with entries in op /p'Z,
via reduction modulo p%? and multiplication from the right. Then K, (m) is exactly the
stabilizer of (0,...,0,1). We show that a vector v = (vp—1,...,v0) € Mixn(op/p7) lies in
the orbit of (0,...,0,1) if and only if there is a 0 < j < n — 1 such that v; € (op/pF)*. It
is clear that if all the v; are elements of pp/p there can be no element in K,, that maps
(0,...,0,1) to v.

Suppose that vy € (op/pj)*, then

1n—1 0
Up—1-++01 Vo

is an element of K,, that maps (0,...,0,1) to v.
If vo € pr/p let j be the smallest positive integer such that v; € (op/p)*, then

1n—j—l
0 1
1]'_1
Up—1Uj41 U Vj—1-01 Vo

is an element of K,, that maps (0,...,0,1) to v. By taking inverses we obtain the result. O

Note that by the Cartan decomposition the set

wo‘nfl
w;n72
B, = . |l €Z, 0< a1 <an< ... <ap
) o
1
is a set of double coset representatives for K,,Z,\G,,/K,. This together with Lemma 4.3
gives us an exhaustive list of representatives for K,,Z,,\ G, /K, (m). We will need to following

slight refinement.
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Proposition 4.4. The union of

w;‘nfl
w2 0 <ar<... <oy
Gn = .. | V; € Mn(OF/pj{l)
w;l Valp(f),') < o
ﬁn—l ﬁn—Q ’l~]1 1

and A% - B,, is an ezhaustive collection of coset representatives for K,Zn,\Gy /Ky, (m).

Proof. As already mentioned by the above and Lemma 4.3 we know that Al - B, UA2 - B,
yields an exhaustive collection of coset representatives for K,,Z,\G,, /K, (m). Let X be any
element in Al - B,,. Then

— (A0
X=(29)
where A = diag(wy"',...,wp'), Z € of and ¥ = (Un_1,...,01) € Myy(,_1)(0F). Suppose
there is 1 < j < n — 1 such that valp(v;) > ;. Then the matrix
1n—j1
1
1]’*1
— oo d 1

lies in K,, and
1n—j—1

1 A 0

Lj—1 X = (@L,l...@jﬂ 0 Tj_1...01 j)
—17ij_% 1

generates the same double coset as X. Hence we can assume that valp(?;) < «a; for all

1 <i < n—1. Moreover, by multiplying X by the left by the matrix diag(1,...,1,Z7!) € K,

we see that
(55 1)

lies in the same double coset as X, which implies the result. O

4.3. Proof of Theorem 4.1. We now consider the Hom-space Hom 1,7) over

REAR, o))
various cases of our chosen coset representatives for K, Z,\G, /K, (m). Essentially, the cus-

pidality of 7 will force most of these spaces to be zero.

Proposition 4.5. For anyn > 2 and m > 1 if g € A2 -B,,, then Hom =0.

R{K oK, () (12 T)
Proof. Let g € A2 - B, which then has the form

A
J J J J
g= Wp” W] WR" W2 W' W3 Wy’ & )
B

1
where wy € Mlx(n,j,l)(op),wg chp,w3 € Mlx(j,l)(pp),x € Og, A= diag(wg"_l, - ,w§j+1),
and B = diag(w;’fl, ...,wp'), forintegers 0 < ay < ... < ap—1. Fora € My, (,—j_1)(0r), b €

Mlx(j—l)(OF)a c € oy, let

1n—j—1
2wt 1 bB+wy’ o
X(CL, b7 C) — aA+wy’ cwy +1wF cws Twy’ ¢
j—1
1

which is an element of K,,(m). Note that

A—l
1 1
g = 371
—z lw AL w;ajx_l —z " YwsB™Y —z 1wy
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and we can compute

1p—j-1
1 °j 1+ G % b — 9 w2
-1 _ wp” w2a Wwacwy” Wy w2b —wy 7 cw;
9X(a,b,c)g = .
a c b 17w;jcw2

This matrix is in K,, and since by assumption we € pr we obtain

lpn—j—1
9X(a,b,c)g~1 = T
a ¢ b 1

Since a € My (,—j—1)(0F), b € M (j_1)(0F), ¢ € oF were arbitrary we see that YK, (m) N K,
contains N;,_1 1(kr). Hence

Homgy; ( (1,7) C HomNnil’l(kF)(l,T),

n(m)NKy,

however by the cuspidality of 7 the latter space is zero. O

Proposition 4.6. Suppose g € C,, is not a diagonal matriz. Then HomR[m](l,T) =
0.

Proof. Note that any such g has the form

A
Y5
9= L
v xz 01

where 1 < j < n—1,A = diag(wp™ ..., wp’ ), B = diag(wp’ ', ..., wh!),v € My (n—j—1)(0F)
and x # 0. Let K;m- be the subgroup of K,,(m), defined by,

X
K, ;= {(g by 1) | X € GLy—j(or),Y € M(jfl)x(nfj)(oF)} -

We claim that 9K/ . N K contains the unipotent radical Ny,_; j(kr). We will show this
inductively. As a base case consider, for any r > 2, a matrix h € C, of the form

Aa,

h = @y’
B
0 = 01

where 1 < j <7—1,A = diag(wp ', ...,wp’ "), B = diag(ewp’ ..., wp!) and x # 0. Note
that we have valF( ) < o and since x 75 0 that a; > 0. For any a € My (,—j_1)(0F), b €
op, ¢ € M(j_1)x(r—j-1)(0F), and d € My (;_1)(or) let

11
-1 G -1
z  aA 14w’ z™'b
X(a,b,c,d) = B e
B7'cA BT ldwgp’ 11
1

Since o; > valp(x) for all i > j we have that 7 'aA € M(;—j—1)x(r—j—1)(0F). Moreover, the
«; are non-decreasing which implies that X (a, b, c,d) is an element of K’T e We can compute

1 —Jj—
wFJz a l+owp I z—1p
C d lj—l
a b 0 1

hX(a,b,c,d)h™! =
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which yields an element of K,,. Clearly, we have

1,
hX(a,b,c,d)h=1 = (

al ol ol
I
=

(SRS

—
.
S
~
—_
v

which finishes the base case.

Let B
hl: <v Cl) eeh’
where B = diag(w;”_l,...,w;j),C = diag(wp’ ', ..., @) and v € My (r,—j)(0F). We

assume that th;l’jhfl N K contains N, _; ;(kp).
Assume now that

A
ary
hy= [ 0 %F €e,
h1
0 =z
where A = diag(w;"rl, e ,w;”“) and x # 0. Then for any

— X /
r=(30,) €K

17‘2—7‘1 -1 _ 1T27"'1
h2< r)ha = mThi' )"

By our assumption this implies that th{nQ’ iha 'N K contains

17‘2_7'1
l'rlfj .
* 1j

we have that

Now let
17“277‘171
z laA l—i—w?rl z b
Y(a,b,c,d) = 1y
C—1lcA C_ldngl 1j—1

1
where a € Mlx(rgfrlfl)(oF)vb € 0fF,Cc € M(j*l))(('f‘Q*Tl*l)(oF) and d € M(jfl)xl(oF)' By our
assumptions on x and the «;, it is easy to see that Y (a,b,c,d) € K/ .. We can compute

72,7 "
17‘277”171
1 w?’"x’la 1+w§”:r:’1b
hoY (a,b,c,d)hy ™ = 1oy
C d 1j*1
a b 1
and since valp(z) < a, we have
17"277"171
I 1
hQY(CL, b, C, d)h; = B Lry—j
c d 1]',1
a b 1

Hence we obtain that hQK;? ; MK, contains Ny, ;(kr). Hence

HOmR[m](l, 7') g HomR[er—j,j(kF)](l’ T),
however by the cuspidality of 7 the latter space is zero. O

By the above two propositions the only elements g of €, or A2 - B,, for which the space

Hommm](l, 7) = 0 can be nonzero are diagonal matrices in C,, i.e., elements of B,,.
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Proposition 4.7. Suppose that g = diag(w?"‘l,...,wgl,l) is an element of B, where
Op—1 = m, then HOIIIR[W](LT) =0.

Proof. Let ¢’ = diag(wp" >
and x € op the matrix

,--.,@p'). Note that by our assumptions for any v € M, _2)x1(oF)

1
glilvwgn_l 177,—2
Oy —
wp" T 1

is an element of K,,(m). We can compute

L, 1
g g’_lvwffkl 1p—2 g_l = (v 12 ) ,
wan—ly 1 T 1
F
and obtain that K, N9K,,(m) contains Ny ,,_; (kr) which yields the result. O

Proposition 4.8. Let g = diag(wp" ..., wp', 1) € B, where a1 < m.

1) Suppose the a; are not strictly increasing, i.e. there is 1 < j < n — 1 such that
pp Y
aj_1 = oy, then Homm(lﬂ') is zero.

(2) If for 1 < i < n — 2 we have that a; < oy then Homg

W(L T) 1S one-

dimensional.

Proof. Note that for any matrix X = (X; ;) € K,,(m) we have (¢Xg™1);; = wp" " "7 X, .
This implies that gK,(m)g~! NK is contained in P, i.e. the mirabolic subgroup. Since T
has a Kirillov model we see that

. P,
HomigKn(m)gflmK(L T) = HomigKn(m)gflmK (1, mdUn (¥n))-

(szl(kF) 1)

where sz_l(k‘p) are all invertible lower triangular matrices in GL,_1(kp).

Let ¥ be an element of Homm(l, indg’; (1)) and set f = W(1). Then for any u €
Un,g € Pn,be B;)zp—l(kF) we have that f(u.qb) = %(U)f(gb) = %(U)(b ) f)(g) = ¢n<u)f(g)
Note that the Bruhat decomposition P, = (J,,ew UnwB; " (kp) implies that f is uniquely
determined by its values on the Weyl group W. We realize W as the set of permutation
matrices. For any permutation matrix w,, where o € S,, and any matrix A = (a;;)1<ij<n
we have that (weAw,')i; = ay() () Now if 071(i) < o7 Hi+1) forall 1 <i<n-—1,
then o = id. Hence if w, # 1, there is an element b € B)", (kp) such that wbw™! € U,
and ¥, (wbw™') # 1. Then f(w,) = f(wyb) = ¥n(wsbw, ) f(wy) and hence f(wy) = 0 for
wy # 1. Hence the support of f is contained in U, B;” ;.

ad (1): Since we assume that there is 1 < j < n — 1 such that aj_1 = aj, we see that

Moreover, gK,,(m)g—! N K contains

gK,,(m)g~! N K contains the subgroup

lp + krEj_1 j,
where Ej_1 ; is the matrix whose only nonzero entry is one at (j — 1,7). This implies that
there exists u € gK,,(m)g~t N KN U, such that ¢, (u) # 1. We obtain

F) = (u- f)A) = flu) = Pnlu) f(1)
and hence f(1) = 0, which implies that f =0 and ¥ = 0.
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ad (2): In this case gK,(m)g~! N K = B’",. Now the space of B;" ;-invariant functions
in Indgz (¢) which are supported in U,B;" , is clearly one-dimensional. Moreover, any such
function gives rise to a unique morphism in

. 1P,
Homper (1,indy” (¢n))
which implies the result. ]

By putting all the above propositions together we obtain that Hom 1,7) can

gKn(m)gflﬂK(
only by nonzero for g in the same double coset as any of
wa'n—l
wan—Q

Dyp(m) = |, €Z,0< a1 <azs<...<ap_1<m

1

Proof of Theorem /.1. By the above Proposition 4.8 for any element g of D,,(m) the Hom-
space

Hom 1,7)

gKn(m)gflﬂK(
is one dimensional and we choose a nonzero ¢, in this space. By the computations in Section
4.1 any such ¢4 gives rise to an element ®, of Homg(k,, (m) (1, 7) and the collection {® | g €
Dp(m)} is linearly independent. Hence we obtain

dimpg(Homg g , (my (1, 7)) = |Dn(m)].

If m < n then D,(m) is empty and if m = n there is exactly one element, and if m >

. 1Da0m) = (2 })

The explicit form of fuew(¥n) follows as 37,cper () b+ B, 5 is clearly B'P | (kp)-invariant,
and it is nonzero as

Yo b-Bg)= > B =B 1)=1

beB,? | (kr) beBP | (kr)

by property (B1) of Bessel functions.

It remains to show the final formula of (3). As the integral expression is clearly K, (n)-
invariant, we just need to show it is non-zero, which we do by evaluating at ¢ = ¥,, and
evaluating the resulting function at the identity: we consider

/ B;(Enkﬁnl)dk(l):/ . B 5 (3nk%, ) dk.
Kn(n) Kn(n)NK,™

As k € K, (n), we can write
b — A z\ (1, 0 Az
“\y z) T \yAl z—yAla 0 1)’
with A € GL,,_1(op), = € (OF UF)T, Yy € (p% pg), and z € 1+ p}. Moreoever,

1, 0 _
)3 (y;l_ll o yA_1x> »olel, + M, (pr) C Ky,
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Hence, for k € K,,(n) decomposed as above,
_ A x\ _
YEY e K, o 8, (0 ; St eK,

and y
-1y _ . x -1
B;@(Enkiin ) = Biw (En (0 1> X > .

Moreover, if %, (‘6‘ f’f) Y~1 € K, then it is lower unitriangular mod M, (pr) with image

inside (B%pfl [1)) and containing the identity. By property (B1) of Bessel functions, we deduce
that the integral is a non-zero constant. ([l

5. MATRIX COEFFICIENTS AND WHITTAKER FUNCTIONS OF DEPTH ZERO NEWFORM
VECTORS

5.1. Matrix coefficients of depth zero newform vectors. Suppose now 7 is a depth
zero cuspidal R-representation. Choose now a Moy—Prasad—Morris—Vignéras model for w as
compactly induced

indSi (wrr),
where T is a cuspidal representation of GL,,(kr) which we identify with W (7, 1)) its Whittaker
model, then in Theorem 4.1 we showed that vyey is given by the function (up to scalar) fuew-
For 7V similarly, we take the model

indg (wy '),
where we identify 7V with its Whittaker model W(Tv,ﬂ_l) and f.., is again given by The-

orem 4.1.

Let dg be a right G-invariant measure on ZK\G, normalized so that dg(ZK) = 1, then we

can identify indGy (wy'7Y) with (ind$g (w,7))" via the bilinear form

indSy (wer) X inde (w:17Y) = R
(f, ) = (f(9), f'(9))dg.
ZK\G
We identify (W (7,))Y ~ W(TV,@A) via the bilinear form
W(rg) x WY, % ) - R
(W, W)= > W(kW (k).
U(F)\G(Fq)
For y € K,,(n), define fs, € indgy (w,T) by support fs, C ZKZy and
fsy lzksy= fuew |zKsy
and analogously fy}, € ind% (w-17Y) by support fst, € ZK¥y and
Iy |zKsy= Faew 7Sy -

Let y1, ..., y, be elements of K (n) such that Xy, ..., Xy, are representatives for KZ\KZXK(n).
Then

fneW:Znyia and erew:ngyi'
i=1 i=1
Note that by right K, (n)-invariance of f\.,,, we have fs(x) = fs,(zy), for y € Ky (n).

new’
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Remark 5.1. A priori we have so far obtained two expressions for the newform in ind(Z;:Kn (7).
Firstly, foew = > iy foy, and furthermore

frewl(g) = /K Bk

We will show that one can obtain the first expression by simply evaluating the above integral.

As above let Yyi,..., Xy, € K(n) be a set of coset representatives for KZ\KZXK(n),
which implies that yi, ...,y € K(n) is a set of coset representatives for K(n) NK*\K(n). In
particular we obtain that

B (ke k=Y |

and we claim that fKn(
ZK we obtain that if

Bely, W k=Y [ Ba(a(S) Rk
n(n)NK> i=1 (M= NK

-t B(0(Sy) " k)dk = fy,(g) for all g € Gy, Since supp(Bz) C

/ B (g(Sys) " k)dk # 0
Kn(n)271 nK

then g € KZXy;. Suppose that g € KZXy; and write g = zk'Sy; where k' € K and z € Z. We
obtain

/ Bz (g(Sys) ' k)dk = w(z) / Bz (K'k)dk.
Kn(n)= 'nK Kn(n)= 'nK

If v € Kn(n)= ' NK! we have that Bz(k'kz) = B=(k'k) for all k € Kn(n)® ' NK and it is
straightforward to see that K,(n)= ' NK/K,(n)> ' NK! BP | (kr). Hence we obtain that
(we assume the measure of K,(n)= ' NK! to be 1)

w(z) / L BrWk)dk=w(z) Y Fa- B,
Kn(n)¥ " NK 2€BY  (kr)
which agrees with fsy,(g).

The matrix coefficient cp. 5_,, has a simple description: supp(Cg;’B;v) C 7Z,K, and,
for k € K, z € Zy, expanding the definitions we have

BB (2k) = wr(2) By y (k).

This is a special case of the Bessel functions of | , Proposition 5.7].
We now give a formula for the canonical bi-K(n)-invariant matrix coefficient:

Proposition 5.2. Let y1,...,y, be a set of coset representatives of KZ\KZXK(n). The
matriz coefficient cy, .. rv. 18 non-zero and satisfies:

(1) (Bi-K(c(r))-invariance), i.e., cf,...fv.. € (indF (wy ) )Ke(m) xKle(r)) -
(2) supp(cfoen.ryv..) € ZK(n)K*K(n) and for g € K> let

Iy =A{(i,j) € Z% | 1<i,j <r and g € y; " Z(K™)y;},

then we have

G(F L
cfnew’fr\{ew (g) = g M § B@E(bzy‘jgyl 12 1b/).
< |U(F,)| dim(7)
(i,5)€lq b €BP | (Fy)
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(8) (expression in terms of cp.5_, ) for g € G,

Cfnew,fr\{ew(g) :/ ( )/ ( )C'B;,B,T_\/ (klzngkxgl)dk/dk

Proof. The final part follows directly from Theorem 4.1 (3). Let z,y € K(n). By our
identification,

oty ()= [ Usalad). 0 do.
ZK\G
However, f%y is supported in KZYy and note that for all g € KZXy we have

(f2e(97), £5(9)) = (Foa(Bud), fiy (Sy)).
Hence

Chanpi, (1) = a6 (KZSy)fra (Zyd), [, (Z0))-

Now for fs;(Xyj) to be nonzero we need to have that j € y~'Z(K*)x and hence
(1) supp(ey, gy ) € ¥~ Z(K)a.
Let j € y7'K¥2 and write j/ = Syjz~'X~!. By the second identification we have

(o (Zyd) K (E0) = > Y B kBB, (k)

keU(Fg)\G(Fq) b,b’eB; " | (Fq)

=[UE) > Y B pktj0)B (k)

bYEBY , (Fy) \KEG(F,)

By the formula for the Bessel function: By (a) = [U(F,)|™* > ucU(F,) ™ (u)xr(au) of (B2)
and orthogonality of characters we see that

(foa(Byi), Ky (B9) = [UE)> Yoo D T xR b)) X (k)

by EBP | (Fy) \KEG(Fq) uu’€U(Fy)

=[UFE)I* > o) [ xe (kT bu) v (k)

bb'EBP | (Fy) uu/ €U(Fy) kEG(F,)

GFQ -1,/ I—11/1 -1
- IU(IBJ‘q)|(3di)L1(T) > > ) (5 bu).

b eBYP | (Fq) u,u’€U(Fq)
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Hence we can compute

(FsalSu), 1, (Sy)) = — 1ol

[U(IF,)? dim(7)

Z Z 1/}(u,_1u_1u,)XT(u,_lb,j,buul)

bb'EBYY  (Fq) w,u'€U(Fy)

G(F, ) Ny
B |U(F’q)’(2di)I|n(T) > D )Xo (6 'bu)

b,y €BP | (F,) ueU(Fy)

__ |G(F) ot
= [0, [dimr) 2 B
b,b’EBngl(]Fq)
C(F,)| o
= O ) > Bry(WSyjz 'S ).

b eBP | (Fq)

Let y1,...,y» € K(n) be a set of coset representatives for KZ\KZYXK(n) and choose y; to be
the identity. As foew = Y ;1 [5y;, We see that

r
Choowty () =Y cpo ()
=1

and hence supp(cy,, ry) C Z(K*)K(n). For g € K* note that Cfs, .ty (9) is monzero if and
only if y; is the identity, i.e. i = 1. We obtain that

|G(F,)| 1y

()= PN B (bgn ),

et 9) = TG, ) dima(r) rp(bRgEH)
bb'EBP  (Fq)

Moreover, we have that
T
Chosfios (9) = Y oty (9)

ij=1
and hence supp(cy, .., rv. ) € ZK(n)(K*)K(n). For g € K* let

I, ={(,7)€Z*|1<i,j<randge y;lz(KE)yi}
and then
Choowfin(9) = D w(ﬁ% > B (bTygy 'S,
(i,5)€l, a b,b'€BSP | (Fy)
O
While the first formula for the canonical bi-K(n)-invariant matrix coefficient is only explicit

up to the sets I, our proof allows us to give an explicit formula for the K(n)-invariant matrix
coefficient cy, £

Corollary 5.3. The matriz coefficient CLrerfY satisfies:
(1) (Right K(c(m))-invariance), i.e., cy, ., rv € (ind$ (wy)) K@) ;
(2) supp(cfnew,fg) - ZKZK(n) and for g € K>,
IG(Fy)|

v(j)= —— L B_—(b2gn~ V).
o) = G iy 2o PrgRe=TY)
b/ EB | (F,)
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, G(F
In particular, Cfnemfg(l) = W

5.2. Whittaker newforms of depth zero cuspidal representations. Given ¢: F — R*
a non-trivial character, we define a non-degenerate character ¢ : U, — R* in the usual way:

n—1
= (> uiit)-
i=1

Using finite Bessel functions, Gelfand constructs an explicit Whittaker function for a depth
zero cuspidal representation with small support:

Proposition 5.4 (Gelfand). Let 7 be a depth zero cuspidal R-representation of Gy, containing
cuspidal type (K, 7), and suppose ¢ : F — R* has conductor prp. Then there is a unique
Whittaker function Wr ey € W(m, 1) defined by:

Supp(WW,Gel,w) - ZnUnKn
Wi Gelp (2uk) = ww(z)w(u)BT’E(E).

Suppose that v’ has conductor pr. Note that the associated non-degenerate character
-1

of U, defined by >» is given by a character 1 of conductor or. Hence for f € W(r, 1) the

map f(g) = f(X,g) is an element of Indgz (v). Since f +— f is Gu-equivariant we see that

fe W(m,v). Hence g = Wy Gel.y (2ng) is an element of W (7, 1) and also for any k' € K,,(n)
the function g — (K'S;1) - Wy Gely (Sng). This shows that the function

g— /K ( )WmGeL wz;l(zngkzgl)dk

is also an element of W(m, ).

In the next proposition, we give a strong bound on the support of the Whittaker newform
of a depth zero cuspidal R-representation, and two integral expressions for it — one given
by a Jacquet integral of the newform matrix coefficient, and the second by integrating the
translated-conjugate average of the Gelfand’s Whittaker function over K,,(n) defined above:

Proposition 5.5. Let m be a depth zero cuspidal R-representation of G,,, and suppose v :
F — C* has conductor op. The Whittaker newform Wy new € W(m,4) (normalized at the
identity) satisfies the following support condition

Supp (Ww,new,w) - ZnUnK%‘” Kn (n) s

and for g € G is given by
7r new,w / 1/} Cfnew, Foow (u.g)d

where du is the R-Haar measure on U,, normalized by du(UN(K)*) = 1. Moreover, for g € G,

Ww,new,@l)(g) :/
n(n)

for an appropriately normalized R-Haar measure dk on K, (n).

W cagmi! (SngkX, M dk

Proof. The support condition will follow once we have established either integral expression
— directly from the support of our matrix coefficient or of Gelfand’s Whittaker function. For
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the first expression note that the map

E: 1 — Indg" (¢n)
= (a0 [ o7 e (ughan)

is clearly an intertwining map. Since 7 is irreducible and Z(fnew) is K(n)-invariant the
formula follows if we can show that = is nonzero. In particular it is enough to show that

/ 1/1 sz’fv ( )du 7é 0.
We write ¢ for the matrix coefficient cy, v . By Equation (1) we see that supp(c) C
K(n)Z(K*) and hence the integral is actually over U, N K(n)Z(K*). We have that

U, NK(n)Z(K*) = U, NK*

which in particular implies that

Unw du—/ ¢ CfE:fz;( )d

Note that by our choices ! (u'u)c(u/u) = (u)c(u) for all u € UNK* o/ € Un (KH*.
Hence we need to compute

> v (w)e(w).

ueUN(KL)EZ\UNK=
However, note that U N (K!')*\UNK* = U, (kr), and we find
_ —1
S e = Y T Y Bl
weUN(K1)Z\UNK> u€Un (kr) by'eBYP | (kp)
To compute this, we will use the following lemma:
Lemma 5.6. Let a: GL,.(kp) — C be a function such that a(ug) = ¥(u)a(g) for all u €
U,(kr),g € GL,(kr). Then for all g € GL,(kr) we have that

! S P walbug) = alg).

|U,(kr)] weU, (kp),beB | (kr)

Proof. We proceed via induction on r. For z € k. ! let n(z) be the matrix in U, (kr) defined

by
n(z) = (“0—1 51“) .

Let N, (kr) be the abelian subgroup of U, (kr) consisting of matrices of the form n(z) where
x € k§‘1~ Note that U, (kr) = U,_1(kr) x N,.(kr), and hence we have

—1 ——1
> albug) = Y ¢ (u) > ¢ (z)a(brug).
uEUr(k’F),bEngl(k)F) UeUr—l(kF) ber‘il(kF),xeNT(kF)

Now bxb~! € N,(kr) and hence
Z afl(x)a(bxug) = Z (7 brb ™ ) a(bug).

z€ENy(kp) €N (kp)
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Let © = n(z') for some 2’ € k', Then x~'bab~! = n((b — I,_1)z’). Now if the bottom row
of b is not equal to (0,...,0,1) then ZxGNT(kF)@(x_lbmb_l) = 0. If b has bottom row equal
to (0,...,0,1), i.e. b € By, (kp), then 1)(x~'bzb~!) = 1. Hence

Y o (@)albaug) = [No(ke)l Y albug).

beBY? | (kp),z€N(kF) beBP , (k)

Since |U,(kr)| = |Up—1(kp)| - [N, (kr)|, this implies that

1 —1 1 —1
e Y ey = Y (walbug)
Uy (k)| op [Ur—1(kp)| op
uEUr(k’F),bEBT_l(kF) ueU,«_l(kF),beBr_Q(kF)

and we obtain the result via induction. O

Hence, we see that

——1
Y0 Y, Bgluw)=Unke)l Y Bp(t) =|Un(ke)l,
u€U(kp) b €BSP | (kp) beByP | (kr)
which establishes our first integral expression. Our second integral expression follows from
Theorem 4.1 (3). O

6. NEWFORM VECTORS IN MINIMAX CUSPIDAL REPRESENTATIONS

6.1. Parahoric subgroups and their filtrations. Let V be an F-vector space of dimen-
sion n, G = GLp(V), and A = Endp(V). Fix a character ¢ : F — R* of conductor pp (i.e.,
trivial on pr, but not on op).

An op-lattice in V is a compact open op-submodule of V. Given any op-lattice L there
exists a basis {e1,...,e,} of V such that L = ope; @ - - - @ ope,. Let Latt(V) denote the set
of op-lattices in V. A function A : Z — Latt(V) is called a lattice chain if

(1) it is strictly decreasing: A(i) C A(i — 1) for all i € Z;

(2) periodic: there exists e(A) € N such that A(i + e(A)) = ppA(i) for all i € Z.
Given a lattice chain in V| there exists a basis {v1,...v,} of V such that for 0 <i < e(A)—1
we have

A(i) = opv1 @ -+ - D OFVy, D PFUr 41 D - - D PEUR;
we call such a basis standard. We say that a lattice chain A is principal if dimy, (A(z)/A(i+1))
is independent of 7.
Given a lattice chain A, the submodule of A defined by

e(A)—1
Ap(A) = [ Endeg(A(D)),
=0

is a hereditary op-order in A, and all hereditary op-orders in A arise in this way. With
respect to a standard basis for A, 2y(A) is contained in M,,(or) and block-upper-triangular
modulo pr. If A is principal then the blocks are of the same size equal to n/e(A).

The hereditary order 2(g(A) has a decreasing filtration

A (A) ={zr e A:2A(i) CA(i+ k) for all i € Z},
by op-submodules, and P = P(A) = A1 (A) is the Jacobson radical of Ap(A). We set
U%(A) = 2o(A)",  UT(A) =1+ 2A(0),
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then UY(A) is a parahoric subgroup of G, with associated filtration U"(A). The commutator
subgroup [U"(A), U$(A)] € U""$(A) and we have the following crucial isomorphism:

Lemma 6.1. For integers 0 < r < s < 2r + 1, we have an isomorphism
P°/PB " — Hom(U™(A) /U (A),R¥)
b+ = [y = P(Trpp(b(z — 1)))].

6.2. Strata in cuspidal representations. A stratum in A is a 4-tuple [A,r, s, §] where

(1) A is an op-lattice chain;
(2) s < r are integers;
(3) BeP(A).
A stratum [A,m,m —1, 8] in A is called fundamental if 8+ P~ (A) contains no nilpotent
elements.
Let 7w be an irreducible representation of G which is not of depth zero. Then there exists
a fundamental stratum [A,m, m — 1, 8] with » > 1 such that

(T) HOHlUm(A) Wm 7'() £ 0.

Following Bushnell and Kutzko, we say that m contains the stratum [A, m, m — 1, 5]. The ra-
tional number m/e(A) is an invariant of 7 (i.e., does not depend on the choice of fundamental
stratum), which we call the depth of 7, and we write d(w) = m/e(A).

For a cuspidal representation of G (of positive depth), Bushnell and Kutzko show that
we can choose a particularly nice fundamental stratum — where, for example, amongst its
additional properties  generates a field in A — satisfying (7).

A minimal stratum in A is a fundamental stratum [A, m, m — 1, 5] satisfying:

(1) A is an og-lattice chain;
(2) the F-algebra E = F[f] is a field in A;
(3) the element [ is minimal over F, meaning:
(a) ged(m, e(E/F)) = 1;
(b) @™ BE/F) 4 pg generates the extension of residue fields kg /kp.
Note that, e(A) = e(E/F).

A minimax stratum [A,m,m — 1, 8] in A is a minimal stratum which is also mazimal in
that deg(E/F) = deg(F[5]/F) = n. In this case, up to translation, there is a unique choice
for A given by {p% :i € Z}.

Definition 6.2. A (positive depth) cuspidal R-representation of G is called minimax if it
contains a minimazx stratum [A,m,m — 1, 8] such that HomU\_m/QJJ,-l(A)(wﬁ,ﬂ_) #0. (In other
words, it also contains the simple stratum [A, m,0, 5] following Bushnell and Kutzko’s termi-
nology.)

Remark 6.3. Every minimaz cuspidal R-representation is supercuspidal — cf., | , 11
5.14].

6.3. Minimax characters. Let [A,m,0, 5] be a simple stratum in A such that [A,m,m —
1, (] is a minimax stratum in A. We identify V with E = F[g] as an F-vector space via the
choice of (ordered) F-basis

B={1,8,/....0" ).
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We write e = e(E/F). With respect to the basis B, which we call the companion basis
to [A,m,0, ], B is in companion matrix form:

—ap
1 —a

1 —ap
where f3(X) = X"+ ap—1X + -+ ag is the minimal polynomial of 5. We have
vp(ag) = —mn/e, vp(a;) = —m(n —1)/e.
This basis has the nice property that the restriction of ¢z to upper triangular unipotent
matrices U, (intersected with UL™/2J¥1(A)), agrees with the standard non-degenerate char-
acter ¥(z) = ¢(x1 2+ -+xn—1,,). However, with respect to this basis, the principal order 2

is not, in general, standard.
Set

H' = (1 + p)U™2+(A), I = (1 4 pg)ULHD/2 ()
J= ogUL(mH)/?J (A), J=EXUlmtD2l(y),

(The centres of these groups are equal to their intersections with F*.)
The set of simple characters of H! associated to [, m,0, 3] is

C(A, ) = {0 € Hom(H',R*) : 0 [sim/2s+1(n)= ¥5}-

As EX normalizes A, Ul™/2J+1(A) is a normal subgroup of H!.

Given 6 € C(A, 8), we set

np = indy; -y (0)

where 0, (uh) = W(u)f(h) (note that, U, N H! = U, N UL/2+1(A) and ¥ and 6 clearly
agree on this intersection). The representation 7y is the unique irreducible representation
of J! containing # (from the theory of Heisenberg representations). Notice if m is odd, we
have H' = J!' and 7y = 6. The representation ng extends to J, choose any extension A of 7,
then
7 =ind§(\)

is irreducible, minimax, and supercuspidal (and all minimaz supercuspidals arise in this way).
The ramification index and inertial degree of E/F are invariants of m and we write e(m) =

e(E/F) and f(r) = f(E/F).

6.4. Newform vectors in minimax cuspidals. Recall that 3, denotes the diagonal ma-

trix diag(wb’i_l, wg_2, ..., 1). We start with a basic lemma:

Lemma 6.4. Let [A,m,0, ] be a simple stratum in A such that [A,m,m—1, ] is a minimaz
stratum in A, and write ULm/QHl(A) with respect to the companion basis of [A,m,0, 8]. Then

Vg |ULm/2J+1(A)mEnKn(n(1+m/6)): L.

Proof. For x = (z; ;) € U™/2¥1(A) the character 93 is given explicitly by

n—1 n—1
Vp(z) =9 <Z Lijit1 — Z Ai—1Tni — An-1(Tpn — 1)) .
i=1 =1
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Suppose now that = € K, (n(1+m/e)) and note that

0 p p°
p! 0 p
Bk, (n(1 4+ m/e)) =
pnm/e—i—l pnm/e+2 . pnm/e—l—(n—l) 1+ pn(m/e-i-l)
Hence ;41 is an element of p for ¢ =1,,...,n — 1 and
n—1
(0 (Z xz’,i+1> =1.
i=1
Moreover, since vp(a;) = —m(n — i)/e we obtain that a;_1z,,; € p fori=1,...,n —2 and
an—1(xnn — 1) € p which implies the result. O

To go further than this we specialize to minimax representations of integral depth. Note
that a minimax cuspidal 7 is of integral depth if and only if e(7) = 1. Let © be a minimax
cuspidal with e(7) = 1 and let [A,m, m — 1, 5] be a minimax stratum contained in 7. Note
that 7 is of integral depth is equivalent to the extension E = F[3] being unramified. We
change basis from B to

B = {="mpF . 0<k<n—1}.
With respect to this basis
A(i) = P vk
Ql(A) = Mn(o)a Sﬁ(A) = Mn(pF)

_w(nfl)mao

o ™ 7,23(71—2)ma1

(In particular, U"(A) =1+ M, (p").)
Moreover, in this basis, the character 13 is given explicitly by

n—1 n—1
Vs(x) =9 ((wm Z%‘,i-ﬁ-l) - <Z wm”’”%—l%,j) — ap—1(Tn,n — 1))
i—1 i=1

where = (z;;), which on upper triangular unipotent matrices U, agrees with the non-
degenerate character ¥*m where t,, = diag(@w® )™ wr=2m 1),

As explained in the last section, there is a simple character 6 € C(A, ), and an extension A
of ng to J such that 7 ~ indg;()\). By Bushnell’s formula, and Proposition 3.4 in the modular
setting, ¢(m) = n(m +1). Let

Smn = diag(wMtDO—) HmiD(n=2) - mmtl 1) — ¢ w
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then
0 pm—‘rl
p—m—l 0 pm+1
pm+1 p2(m—i—1) . p(n—l)(m—i—l) 1+ pn(m+l)

The aim of this section is to prove:

Theorem 6.5. Let n > 2 and A, 3, B’ as above. Let m = ind?"()\) be a unramified minimaz
cuspidal R-representation with cuspidal R-type (J, X), and containing [A, m,0, 3].

(1) Then c(m) = n(m + 1) and Homgk,, (c(x)) (1, 7) = R.
(2) The unique (normalized at the identity) non-zero newform foew € w5 +1) 4s given
by
supp(fnew) € IXm nKn(n(m + 1))
fnew(jzm,nk) = /\(j)(5
foralljeJ, ke Ky(n(m+1)), and
6 = [(I' N =Ky, (n(m +1))) : (UNIHH N ZmrK, (n(m 4 1)))] 7
Z g 37
(JINEm.nK, (n(m+1)))/((UNIJVHINEm.n K, (n(m+1)))

where § € W(X,0y) C indZ]UmJl)Hl (0y) is the Paskunas—Stevens Bessel function.

We need the following basic lemma on intersections:

Lemma 6.6. (1) H' N ¥mnK, (n(m + 1)) = UM/2A+H(A) 0 EnaK, (n(m + 1)).
(2) (UNJHH NEmeK, (n(m+1)) = (UNUH2LA) ULl 2L A 0 Emn K, (n(m 4+ 1)),
(3) INEmnK, (n(m+1)) = IEnEmnK, (n(m + 1)).

Proof. All these statements follow from the following one: for all 1 < r < m+ 1, for p €
P,z € og, and u € U"(A)

pru € ZmrKy(n(m+1)) =z € 1+ ph,

where P,, here denotes the standard mirabolic subgroup. As w™j + pgr generates kg/krp we
have o = op[w™f]. Note that @™ € M,,(or). Since x € og, we can write

n—1
€T = Zaj(wmﬁ)]7
=0
where a; € op. For 1 <@ < n — 1, let v; denote the bottom row of (wmﬁ)i, then one can
compute that

i i
v; = (0,...,0,1,r5,...,7r]),

where ri,...,r! € op. Set x = (), then for 1 < j < n, we clearly have that

7j—1
n—I|
Tnj = Qpn—j + E Qn—1Tp_j_1-
=1
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We also write u = (u;j), where u;; € 6; j + pp. Then the (n, 1)-entry of pzu is equal to
n
Qp-1u11 + anjug’l € Pr,
=2

and since u1; € O and u;1 € pp for j > 2, we immediately obtain that o,—1 € pl. Suppose
now we have shown that oy,—1,...,a,—p € pf for some 1 < k < n — 1. Then the (n,k+ 1)
entry of pxu is

k
—k k+1)(m+1
Ukt 1,k+1 <ank1 + Zanﬂ'z_l> + Z TnjUjks1 € Oppr1 + P% (mth),

I=1 1<j<n

jAk+1
which immediately implies that o,,_;_1 € pp. Inductively, we obtain that a1,..., -1 € pp,
and applying the inductive step one more time o € 1 + pL. Since p, = ppog this implies
that z € 1 + pg. O

Proof of Theorem 6.5. We have already seen c¢(mw) = n(m+ 1) and one dimensionality over R
of characteristic zero follows from [ |. From Lemma 6.4

Vs |ULm/2J+1(A)ﬂzma"Kn(n(m‘H)): 1

By Lemma 6.6 (1), it follows that for any 6 € C(A, 3)

0 ‘Hlﬂzm»"Kn(n(m—H)): Vs |Ulm/2l+1(A)ﬂzm»”Kn(n(m—l-l)): L.

Next we claim that 0y |y, ypinSmak, (nmi1))= 1- Indeed, via Lemma 6.6 (2), we can
write z € (U, NJY)H! N=mnK,, (n(m+1)) as z = wu/ with u € (U, NUL™H/21(A)), and o/ €
Ulm/2I+1(A). Moreover, the final row of u' is contained in (pm+t.pl=Dm+D (g pniminy)
hence ¢g(u') = P(w ™ 0} uf ;1) and it suffices to notice that wiisy + uj, ., € PR
This completes the claim.

By Mackey theory and Frobenius reciprocity, we have an embedding

R — !
@ : R = Homy, q5yminsmak, (nim1) (1 0w) = Homg s, goniy) (1 indiy, qgoym (0y))-
Moreover, from Lemma 6.6 (3), we have

AL
Hom s i, (n(m-1)) (1 A) = Hom iz g (a1 (L indy, qgya (0p)),
and it follows from one dimensionality over algebraically closed fields of characteristic zero
that @ is an isomorphism.
Moreover, it follows from reduction mod ¢, that
. Jt
HomJlﬁEm’”Kn(n(erl))(l’ lnd(UnﬂJl)Hl (07/})) — R

for all algebraically closed fields (as it is a Hom-space over a pro-p group and ¢ # p), which
allows us to deduce the one dimensionality in positive characteristic too (as all lifts are
contributing the same Hom-space, this is the unique one mod ¢ and has dimension one by
the previous lifting argument). The explicit form of the vector fney follows from reversing
the Mackey theory. O
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